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Repeated Integration
A repeated integral involves integrating a function of two or more variables over
surfaces (2 variables), volumes (3 variables), and so on. Generally this involves

integration! for each variable in turn until a result is determined. For example
repeated integration involves finding the solution of

[ f(x,y)dxdy or [[[ f(x,y, z)dxdydz.

Separable Functions

The simplest case of repeated integration is in the case in which the integrand is
separable.

For example if f(x,y) = p(x)q(y) then f(x, y) is said to be separable and we may

write
|| reyraxay = || peoardndy = ([ peadx) ([ aay).

Example

Find fon/4 f; cos (x)e” dydx

Answer
/4 3 /4 3
f f cos (x)e¥ dydx = f cos (x) dxf e¥ dy
0o J2 0 2

= [=sin @[]} = (% — e?).

V2

Fixed Limits

It the limits are fixed then the domain of integration is rectangular, cubic etc. If
the limits are fixed then we can directly change the order of integration:

Ja ¢ fCe y)dydx = J¢ [o f (x, y)dxdy .

Changing the order of integration does not change the result.

1 Integration


http://www.mathematics.me.uk/Integration.pdf

www.mathematics.me.uk

Example
Find [ [ (x? + 2y)dydx

Answer

2 r3 2 2
f f (x2 + 2y)dydx = f [x2y + y?]3 dx = f (x? +3)dx
1 /2 1 1

S| <o) (bra) L8
~ 13 x1_3 3 3

Example
Changing the order of integration, find ff f23(x2 + 2y)dydx

Answer

2 (3 3,2 33 2
] j (x? + 2y)dydx = j j (x2 + 2y)dxdy = f I— + ZyXl dy
1 /2 2 )1 2 13

1
[ Gro)a=frov] - (Fe)-G+1) -5
— L, 3T TR T3 37 ) T3

Note that the result is identical to the result in the previous example.

Variable Limits

For more complicated domains of integration it is necessary to have variable limits. In
this case the limits of integration cannot be directly changed.

Example

Express the following triangular domain of integration in both orders.
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Answer

If we consider the x-direction in the first instance then we can see that x ranges
from O to 1. If we now consider the y-direction, we can see that for any
particular value of x, y ranges from 0 to (1-x).

A

1

1-x

v

X 1

Hence [f, f(x,y)dydx = fol fol_xf(x, y)dydx .If we consider the y-direction
in the first instance then we can see that x ranges from 0 to 1. If we now
consider the y-direction, we can see that for any particular value of y, x ranges
from 0 to (1-y).

1.y 1

Hence [f, f(x,y)dydx = f) [;~ f(x,y)dxdy.
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Example

Find [pxydy dx where D is the quarter circle illustrated in the following
diagram.
y A

|

Change the order of integration and show that the same result is obtained.

Answer

As x varies from 0 to 2, y varies from -v4 - x2 to 0.

1.2
Hence [, xy dydx = [3 I?mxy dydx = - [ [xyz]?m dx

12y =t (2B — A EARPE)
= 2fox(4 x)dx—zfo(x 4x)dx—2[4 Zx]o— 2.

Alternatively, as y varies from -2 to 0, x varies from 0 to /4 - y?,
V4-y? 1 00 [4-42
2.[0 g _fz[xzy]o g dy

Hence [, xy dydx = [° xy dxdy = - [

_1ro 2 _ 0 3 [,z ¥ _1 _
=2 [%(4 - Y2y dy=1/2 [*,(4y - y*)y dy=3 |2y —7]_2 =-(0-(8-4)=-2




