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Generalised Eigenvalue Problem

The standard eigenvalue problem! consists of finding the eigenvalues and eigenvectors
of a matrix A that are the non-trivial vectors x and scalars A that satisfy the following
equation:

Ax =1X.

Eigenvalue problems can be posed in more general form. The most common form of
generalised eigenvalue problem is the solution to a matrix-vector equation of the form:

Ax =A1Bx.

This can also be written
(A-AB)x=0.

To find the eigenvalues, one method is to find the solutions A to the equation |[A —
A1|=0.Where | |represents the determinant2 For a 2x2 matrix this usually involves
the solution of a quadratic equations.

Example of a 2 X 2 matrices

Find the eigenvalues of the generalised eigenvalue problem

(4 2x=2(3 9=

. . : : . 0 2 -2 3\|-
To find the eigenvalues, we first obtain the solutions of | (4 2) - /1( 0 5)|—O.

0+24 2-34

Thatis|( 4 5 _ty

)| — 0, 0r 2A(2 — 51) — 4(2 — 31) = 0.

Multiplying out the brackets gives 41 — 1012 — 8+ 121 = 0.
Tidying up, we obtain the quadratic equation 104?> + 164 —8 =10

The solution is given by 1 = —LSEV1E—4x10x8 _ 5 g 4 0 4;.
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http://www.caspur.it/risorse/softappl/doc/matlab_help/techdoc/ref/eig.html
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Example of a 2 X 2 matrices

Find the eigenvectors of the generalised eigenvalue problem, given that the
eigenvalues are 0.8 +0.4i :

§ Hx=2(3 D=

ForA=0.8+0.4i,

_/0+2(0.8+0.4)) 2—3(0.8+0.40)\ %1\ /0
thatis ( 4 2 - 5(0.8+ 0.41‘)) ()= (o)

(164080 —0.4— 120\ %1y [0\ . . . 2 +2i
that is ( 4 2 20) )(xz) = (0) giving an eigenvector ( j ) :

ForA=0.8—-0.4i,

_(0+2(0.8—0.4i) 2—3(0.8— 0.4
that 'S( " 4 ) 2 —5%0.8—0.43) (2) = (8)'

1.6-08i —-04+ 1.2i)) (x1 2 — Zi) .

. 0y . .
that is ( 4 —2 4 2i) xz) = (0) giving an eigenvector ( 4
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-1 -1 0
ForA=2A—-AI=| 1 0 1 |

-2 1 -3

The corresponding eigenvector satisfies the equation (A — Al)x = 0. Hence for the
eigenvector 1 = 2, the eigenvector must satisfy the equation:

-1 -1 0 X1 0
1 0 1 X21=10).
-2 1 =3/ \X3 0

The first equation states that —x; — x, = 0, hence x, = —x;.

The second equation states that x; + x; = 0 and so it follows that x; = —x;.

1
The eigenvector that this suggests is one of the form <—1>.

-1
1 -1 0
Hence the matrix | 1 2 1 ] has eigenvalues 1, -1 and 2 and corresponding
-2 1 -1

1 1 1
eigenvectors( 0 ) < 2 )and <—1>.
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